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E L E C T R I C A L  SIMULATION OF NONSTATIONARY HEAT T R A N S F E R I N A  DIS- 
PERSE SYSTEM 

N. V.  Antonish in  and L. E. S imchenko 

I n z h e n e r n o - F i z i c h e s k i i  Zhurnal ,  Vol. 12, No. 

UDC 536.2 : 541.182.6 

5, pp. 592-598,  1967 

The system of differential equations of heat conduction of a dispersed 
medium is replaced by the system of differential equations of an elec- 
trical circuit; the simuiation conditions are examined. 

In [1, 3]* i t  was shown that  the d i f f e r en t i a l  equat ions  
of hea t  conduct ion in a d i s p e r s e  s y s t e m  can  be w r i t t e n  
in the  fo l lowing fo rm:  

0_~t _ a' 09-~t + ~' (0 --t), (i) 
0 "~ Ox ~ 

O0 = a " - - =  6 0.0 "(O-- t ) .  (2) 
o r  o~ '  - -  

Solutions of s y s t e m  (1), (2) w e r e  a l so  obta ined  in the 
f o r m  of s u m s  of inf in i te  s e r i e s .  

Art a n a l y s i s  of the so lu t ions  of the  s y s t e m  of equa -  
t ions  (1), (2) showed tha t  a t  s m a l l  va lues  of t i m e  r the  
c o r r e s p o n d i n g  s e r i e s  conve rged  e x t r e m e l y  s lowly .  On 
the o the r  hand,  an a n a l y s i s  of the s y s t e m  is  of g r e a t e s t  
i n t e r e s t  p r e c i s e l y  at  s m a l l  va lues  of T, when the hea t  
f luxes  a r e  c o n s i d e r a b l e  and t h e r e  is  l e a s t  j u s t i f i ca t i on  
fo r  a s s u m i n g  tha t  the  d i s p e r s e d  m e d i u m  may  be r e -  
ga rded  as  a cont inuous  m e d i u m  with a p p r o p r i a t e  v a l -  
ues  of the  t h e r m o p h y s i c a l  coe f f i c i en t s .  The so lu t ions  
ob ta ined  can be  ana lyzed  n u m e r i c a l l y  on a d ig i t a l  c o m -  
pu te r .  However ,  i n i t i a l l y  the  c o m p l e t e  a n a l y s i s  of the 
so lu t ion  r e q u i r e s  the c o m p a r i s o n  of n u m e r o u s  v a r i a n t s  
with v a r i a t i o n  of the  ind iv idua l  p a r a m e t e r s  in o r d e r  to 
e s t i m a t e  the  p o s s i b i l i t y  of s i m p l i f i c a t i o n s  and c o m p a r e  
the so lu t ions  ob ta ined  with  the e x p e r i m e n t a l  da ta .  In 
th is  c a s e  the u se  of a d ig i t a l  c o m p u t e r  would involve  a 
g r e a t  dea l  of t ime .  

A c c o r d i n g l y  we s e l e c t e d  the l e s s  l a b o r i o u s  and su f -  
f i c i en t ly  r e l i a b l e  method  of e l e c t r i c a l  s imu la t i on ,  which, 
m o r e o v e r ,  p e r m i t s  a d i s c r e t e  s y s t e m  to be m o r e  c o r -  
r e c t l y  s i m u l a t e d  if a s u i t a b l e  s tep  is  chosen .  

We wi l l  c o n s i d e r  the e l e c t r i c a l  c i r c u i t  shown in F ig .  
1. Here ,  two conduc t ing  b a r s  a r e  s e p a r a t e d  by an i n -  

t e r m e d i a t e  l a y e r  F and i n su l a t ed  f r o m  the wa l l s  by a 
gap l .  We a s s u m e  that  the  c a p a c i t a n c e  be tween  the b a r s  
can  be neg l ec t ed  as  c o m p a r e d  with the conduc tance  in 
the i n t e r m e d i a t e  l a y e r  F and tha t  the conduc tance  b e -  
tween  the b a r s  and the  wa l l  can  be  neg l ec t ed  as  c o m -  
p a r e d  with  the  c a p a c i t a n c e .  

*After  pub l i ca t ion  of t h e s e  a r t i c l e s  the  au tho r s  r e -  
c e ived  f r o m  P r o f e s s o r  L . I .  Rub insh te in  a copy of his  
p a p e r  [4] f r o m  which i t  fo l lows tha t  the p r o p o s e d  s y s -  
t e m  of d i f f e r e n t i a l  equa t ions  was  ob ta ined  by a no the r  
method  in 1945. 

Let  A' and A 'T be the conduc tances  of the  c o r r e -  
sponding b a r s  r e f e r r e d  to unit  length.  Then in th is  c a s e  
the conduc tances  of an e l e m e n t  of the b a r s  of length Ax 
a r e ,  r e s p e c t i v e l y ,  equal  to A ' / A x  and A " / A x .  A s s u m e  
that  the funct ions  A' (x) and A" (x) a r e  cont inuous and 
d i f f e r en t i ab l e  with r e s p e c t  to the independent  v a r i a b l e  
x. We wi l l  now c o n s i d e r  c e r t a i n  points  O' and O n on 
the two b a r s  and the ad jacen t  points  1' and 2' and 1" and 
2" at d i s t a n c e s  f r o m  the points  O' and O" equal  to + Ax 
and - A x ,  r e s p e c t i v e l y .  We denote  the conductance  b e -  
tween the b a r s  p e r  unit  length  by B and a s s u m e  that  i t  
is  independent  of x. Then on the length  Ax the conduc-  
t ance  be tween  the b a r s  is  equal  to BAx, and the c a p a c -  
i t ance  to C'  Ax and C" ' A x , l r e s p e c t l v e l y .  We wi l l  c o n s i d e r  
the equ iva len t  c i r c u i t  of the e l e m e n t a r y  ce l l  Ax (Fig.  
2) .  

Fo l lowing  Gutenmakher  [2], we d e r i v e  the d i f f e r e n -  
t i a l  equat ion of vo l t age  d i s t r i b u t i o n  a long b a r s  of v a r i -  
ab le  conduc tance .  F r o m  Ki rchhof f ' s  law (Fig.  2) we 
have the equat ions  

i~ - -  i'2 = i ,  - - i . ,  

i~" - -  i'/z = i5 + i , .  

We d e t e r m i n e  the c o r r e s p o n d i n g  c u r r e n t s  as  fol lows:  

i1' =~--~AI (U1 - -  go), 

= ~xx (U~ - -  V~), 

il = ~ -  ( V 1 -  Vo), 

- A~ 
" i2 = ~ ( V .  - -  Y2), 

i, = B a x (V0 --.Uo), 

i 4 = C ' A x  OUo , 
Ox 

i5 = C"A x OVo 
O ,  

Then the c u r r e n t  i n c r e m e n t ,  d iv ided  by Ax, wi l l  be 

h i '  A'l U1--  U0 A'2 U0 - -  Us _ 
Ax Ax Ax Ax Ax 

_ 1 [A', ( u ,  - u 0 )  + s  ( u s  - u 0 ) ]  = 
(a x) ~ 

= c" ou. B ( V o -  Uo), (~) 
Ox 

ai" A; Vo--V. 
A x  A x  A x  A x  h x  
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- ~ [A~ iv ,  - Vo) + A; iV, - -  Vo)] = 
(A x)* 

= c"  a.v, + B (vo - -  G).  
0T 

(4) 

Denoting U k -  U0by AUk and V k - v 0 b y  AV k, we 
wr i te  Eqs.  (3) and (4) in the abbrevia ted f o r m  

2 

2 

1 ~=~ A's = D", (6) 
Ca x) ~ 

where  

C' oU~ D' __ - -  B (Vo --Uo), 

D" = C" OVo + B (Vo - -  Uo). 
Oz 

Applying the Taylor  expansion fo rmula  to the d i f fe r -  
ences AUk and AV k, we see  that the f i r s t  d i f ferences  
AUt and AU2, and also AV~ and AV2, ff we stop a t the  
f o u r t h - o r d e r  t e r m  in the expansion, have the following 
form:  

A U2 au  A x O2U 

A x Ox 2! Ox ~ 

CA x) ~ o.v (a ~)" ( a~u 1 + 
a! a~ ~ -  + - ' ~ . '  t - b - ~ h , o '  

(7) 

h U~ [__ OU A x OW 

= !  ~ q 2! ax, 

(a x)' o .v  (a ~)__d ( o~__C~ (~) 
3! Ox ~ + 4! \ Ox* ]~,o' 

A v~ _ av + A x a'v + Ca x)_____ ~ a , v  + 
x Ox 2! Ox 2 3! Ox ~ 

( a ( o __2L 
+ 4! k ax~ ]~,o' 

2 

(A x) ~ A,~ A V~ = = A x  ax + 

A V1 OV A x OW 

A x Ox 2! Ox 2 

+I A"2 + A~ a ' v  , A ; - -  A~ A a , v  
21 Ox 2 k 31 x ~ + 

+ A; + A'; . r l O'V X ( O'V ) ] 
4, (a~) kk--~)~,o + k - - ~ / , , o a  (1~) 

Now applying the Taylor  fo rmula  to the d i f ference  
(M2 - A'l ) and  also to (A"2 - R'1), d i sca rd ing  t e r m s  of 
the third  o r d e r  and above, and int roducing the notation 

:(A'2 + A'~)/2 = A t and (A'z + An1)/2 = A" we obtain 

A'2 - -  A'1 dA' A x d*A' 
A x dx "4 2l dx 2 , (13) 

A'~--  A~ dA" A x  d*A" (14) 
A x dx + 2! dx 2 

Substituting the d i f ferences  (13) and (14) in (11) and 
(12), we obtain 

2 

I ~ dA' OU + A '  o~U ' 
(A x); A'~A U~ fix ax Ox--- 7- -7 

A x d2A ' au  (Ax) 2 dA' O3U + 

2! dx 2 Ox 3! dx Ox 3 

+ (a x)~ o3u ( o w  1 
2!3! Ox~ k Ox 8 ]1.2 4- 

+.A' [ ( o v  o v  
4! ]too+( 0x a ],,o]' (15) 

2 

1 _ ~ ,  A"~ A G = fiA" av a~v 
(h x) ~ ~=~ dx ax + A" ~ q- 

A x  d2A" OV (Ax) 2 dA" a3V 

+ 2~. dx ~ a x - t -  3! dx Ox ~ + 

_~ (A~)~ a~v ( x v  ~ + 

ax E \--GS 1,,~ (9) 2!3! 

+ A" 2(Ax)~ 1"( 041/ i ~ {  O'V ~ ] (16) 
41- -Lk  Ox' h,o ' k-g#i-x~/,,d" 

3! Ox ~ 41 ~ Ox---7-]t.o, (10) 

where  (O4U/OX4)k,1, (O4V/OX4)k,l denote the mean  value 
of the four th  der iva t ive  for  the in terval  Xk, x 1. 

Substituting (7) and (8), as well as (9) and (10), in 
(5) and (6), r e spec t ive ly ,  we obtain 

1 A'k A U k + 
(h x) 2 A x Ox 

A ~ s + A'2.-J-Al O~U 2 - - A l  A x  oaU 
2 ~  a 7  + a T .  ax - T  + 

4I Ox 4 ]2,o + k'-37/~,0J' (11) 

In the l imi t  as Ax ~ 0, we obtain 

2 

dA' OU 

dx Ox 
+A' a+V o (A, av / 

Ox ~" = O--x-\ ~ ] ;  (17) 

s imi la r ly ,  

2 

Ax*O 

aV A a 'V a (A 
dx Ox + ax 2 Ox \ Ox ] (18) 

Assuming  in this pa r t i cu l a r  c a s e  that  A'  and A" a re  
cons tants  and subst i tut ing the values  of D' and D" in (5) 
and (6), we finally obtain 
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C' a//__~: = A ' .  ~t,,~.~ "-I- B (V - -  U), 
Or Ox* 

(19) 

C" -or = A" O'.___V_V _ _  B ( V  - -  U ) .  

O T ax ~ 
(20) 

T- ~////////// .t' ,  .~; 

~ \ \ \ \ \ \ \ \ \ ' ~ ,  k , ~o', 
i 

x 

Fig. 1. Elec t r ica l  analog of heat conduction in 
a d i spersed  medium. 

Dividing Eqs.  (19) and (20) by C' and C", r e s p e c -  
tively, and introducing the notation A' /C'  = k ' ,  A"/C" = 
= k ' ,  B/C'  = p'i and B/C" = P ' , i  we obtain 

= k' o~:H + p' ( v - u ) ,  (21) 
a x ax 2 

OV = k "  OW --p"(V--U). (22) 
O T Ox ~ 

In order  to find the s imi la r i ty  conditions, we reduce 
Eqs. (1) and (2), together  with (21) and (22),to dimen- 
s ionless  form, express ing  the var iables  in the form of 
a product of the initial (basic) quantities and dimension-  

" less  mul t ip l iers .  Thus, for  example,  for Eqs. (1) and 
(2) Of the thermal  sys tem we have 

~ t  - -P  j 

= a ao, ~'=P'I~'o, t =Tto, 0 =00o, 
u 

a~!  - -  t., ~#t  t s  H = a a o , = ~ [J,~, T = 7ToT" X = X X  o. 

Here ,  fl'o, to, and the other  quantities with subscr ip t  0 
a re  basic  values,  and fl', t, and the other ba r r ed  quanti- 
t ies dimensionless  mul t ip l iers .  Substituting these p ro -  
ducts in Eqs. (1) and (2) and placing the bas ic  quanti- 
t ies in front  of the differentiation sign, we obtain 

0Tr 

[ ,  to ] - '  O~-f + ' , - '  
= a . ~  ~ a 0 ~ -  [~;O~176176 (23) 

[ o_;3 ] _ 
0 TT 

: [oo -? l :  - , , -  ~o j o-7  +[~; t~176176176 (24) 

Dividing the t e r m s  of Eqs.  (23) and (24) by t0/l-0T 
and 00/~0T, respec t ive ly ,  we see that all the t e r m s  of 
the equations assume a dimensionless  form, namely: 

o T _ r  , To~l-' o~ 
o~, [ a ~  o-~-+ 

+ ' [  ~~ O~176 ] "~'-g -- [ [3o ~or ] -~'t. (25) 

_ [ To~ ] - 0'o 0-o a; a _ + 
07r [ x~o ] Ox ~ 

+ . oo . 

After making analogous calculations for the e lect r ical  
system, we obtain the following sys tem of dimension- 
less  equations: 

_ [ To~]~'o~V 
o~ [k; x~ J o~ + 0 "~E 

.-F [ P~ V~ J p'~" -- [p'o ToE] Uo (27) 

o~=.= {k; d J ox* Or E 

+ [ P~176 ]-p"U-- [po%E] (28) 

Consequently, the circui t  in question does in fact 
s imulate the sys tem of differential  equations (1) and 
(2). For  s imi lar i ty  of the phenomena in the thermal  
and e lec t r ica l  sys tems,  which are expressed  by the 
same differential  equations, it is neces sa ry  for all the 
coefficients of these equations, reduced to dimension-  
less  form, to be respec t ive ly  equal. Then the changes 
of the unknown quantity in the e lec t r ica l  circui t  
[s TE) and V(x, ~'E)], r e f e r r ed  to its bas ic  value, 
will coincide with the chaa_ges of the analogous quanti- 
ty of the the rma l  sys tem it(x, TT) and 0(x, ~'T)], r e -  
f e r r ed  to its basic  value. Thus, equality of the follow- 
ing quantities is required: 

' Tor = ko T~ (29) 

( 0 0 o T o r  _ p'o V.~o~ (30)  
to uo ' 

6'o TOT = P'O Tom (31) 

" TO-----L--T = k0 roe (32) 
ao x~ x0 ~ ' 

8; to~oT p; uo~.E (33)  
Oo Vo ' 

~0~0T = po%w (34) 

F rom (31) and (34) we obtain 

g/  ~o = p;/p; = c~c;. (35) 

From (29), (32) we obtain 

Ao a'o Co 
A0 a0 Co 
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Using (35), we obta in  

A; a; 6; (36) 
a0 -~o 

In p r a c t i c e  r e l a t i o n s  a 'o /a"  o and /3"0//3' 0 a r e  known 
for  each  spec i f i c  case .  Thus,  we have a r e l a t i o n  
be tween A' 0 and A" 0. Se lec t ing  one of t h e s e  quan-  
t i t i e s ,  we d e t e r m i n e  the o the r ,  t o g e t h e r  with C' 0 
and C"o, thus:  

C'o ---- Ao "roe (37) 
ao TOT 

ao ToT 

oi tance ;  U is the  po ten t ia l  a t  b a r  I; V is  the po ten t ia l  
a t  b a r  II; A t and A" a r e  the conduc tanees  of b a r s  r e -  

-E~-s 
Y :7: 

Fig .  2. E l e c t r i c a l  mode l  of t h e r m a l  s y s t e m .  

Knowing the v a l u e s  of C~0 and C%, we find va lue  of B0 
f r o m  (31) o r  (34). F r o m  (31) i t  fol lows that  

f e r r e d  to uni t  length ;  B is  the conductance  of i n t e r -  
me d i a t e  l a y e r  F p e r  uni t  length .  

B0 = 6'0 C'0 1:or (39) 
TOE, 

Thus, having s e l e c t e d  a su i t ab l e  r a t i o  of the  d u r a -  
t ions  of the n a t u r a l  and s i m u l a t e d  p r o c e s s e s ,  we can 
c a l c u l a t e  a l l  the  quant i t i es  r e q u i r e d  fo r  the  e l e c t r i c a l  
c i r c u i t  (Fig.  2) .  

NOTATION 

a '  i s  the  t h e r m a l  d i f fu s iv i ty  o f  the  so l id  phase ;  a "  
is  the  t h e r m a l  d i f fus iv i ty  of the  gas  phase  ; 0 is  the  t e m -  
p e r a t u r e  of the  ga s ;  t is  the t e m p e r a t u r e  of the p a r t i -  
c l e s ;  T i s  the  t i m e ;  C '  and C" denote  e l e c t r i c a l  c a p a -  
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